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The elastic wave ﬁeld due to a surface load in motion over an elastic half-space is investigated. The model
serves as a canonical solution for the modelling of high speed ‘trans-Rayleigh’ trains. The analysis pre-
sented leads to closed form expressions for the particle displacement, conical waves and Rayleigh waves
as separate contributions. The linearized elastodynamic equations are mapped into a proper form in
order to apply the Cagniard-de Hoop technique and ﬁnd closed form time domain solutions for the par-
ticle displacement in the subsonic state, transonic state and supersonic state. A special transformation is
used that yields closed form space-time domain expressions for the Conical wave as well as the Rayleigh
wave contributions. Attention is focussed on surface source speeds in the neighbourhood of the Rayleigh
wave speed and speeds that exceed the wave speed of the shear wave. Numerical results for the conical
wave ﬁeld and Rayleigh wave ﬁeld are presented at observation points just below the surface showing
the enormous effects of the Rayleigh wave at source speeds in the near vicinity of the Rayleigh wave
speed.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
In this paper the elastodynamic waveﬁeld phenomena associ-
ated with a moving surface point load in horizontal motion over
the surface of an elastic half-space is investigated mathematically.
The research serves as a canonical solution for understanding the
problems that are encountered with modern days high speed
trains. High speed trains like the French TGV which can reach
speeds of about 500 km/h and are likely to increase levels of asso-
ciated noise and vibration that are even signiﬁcant for conven-
tional railways, see Dawn (1983). It has been shown by Krylov
(1994, 1995, 1996), and Cai et al. (2008) that high speed trains like
the TGV and ICE are generally accompanied by higher levels of gen-
erated ground vibrations. An especially large increase in vibration
level may occur when the train speeds v exceed the velocity cR of
the Rayleigh surface waves in the ground. In the literature such
trains are called ‘trans-Rayleigh trains’ The condition v > cR is
not completely similar to that of supersonic jets since the Rayleigh
wave speed is related to a surface wave that mathematically is rep-
resented by a pole contribution in the complex plane due to the
boundary conditions at the interface, while conical waves from
supersonic jets are the result of travelling speeds that exceed the
wave propagation speed. The condition v > cR can be met in prac-
tice along tracks placed on relatively soft grounds. In this area of
research approximate numerical models together with in situ
vibration measurements have been presented, see for examplell rights reserved.Degrande and Lombaert (2001) who have made vibration measure-
ments during the passage of a Thalys high speed train on the track
between Brussels and Paris and provides us with usefull data about
soil properties and train speeds on this track.
In Krylov’s analytical prediction model, the free ﬁeld vibration
response during the passage of a train is written as the superposi-
tion of the effect of all sleeper forces, using Lamb’s approximate
solution for the Green’s function of a halfspace. According to the
model presented by Krylov (1994) the force due to the weight of
the moving train is transferred via the sleepers into subsurface. If
the periodicity of the sleepers is small and the speed of the train
is large, i.e. the travel-time between sleepers becomes very small,
the train that generates the vibrations into the ground can be mod-
eled as a summation of evenly distributed continuously moving
surface force sources. In this paper we will investigate the canon-
ical problem of a single moving surface load on the surface of an
elastic half-space. The medium in the half-space of the conﬁgura-
tion is elastodynamically represented as lossless, homogeneous
and isotropic in which the basic elastodynamic ﬁeld equations
are applied in linearized form. The method presented is based on
the Cagniard-de Hoop technique see De Hoop and Frankena
(1960) and De Hoop and van der Hijden (1984). This method is
the more attractive one when we have a layered media conﬁgura-
tion, having the advantage of leading, in principle, to the
formulation of the elastodynamic ﬁeld in closed form directly in
the space-time domain by inspection of the suitably parameter-
ized, spatially inverse transformed, ﬁeld expressions. The Cagn-
iard-de Hoop method has been applied in the elastodynamic
case, Gakenheimer and Miklowitz (1969), Kennedy and Herrmann
Fig. 1. The elastic half-space conﬁguration with a surface load moving with velocity
v s .
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a traveling line source was studied in elastodynamics by Freund
(1973) and extended by Watanabe (1978) to the three-dimen-
sional case of an acoustic half-space with a point source perform-
ing a circular motion. For the electromagnetic case of a moving
source in an unbounded medium Kooij (1994) applied the Cagn-
iard-de Hoop method leading to an elegant solution in the super-
sonic state for the conical waves, which are in electromagnetics
known as the Cerenkov waves, see Jones (1964). The procedure
of Bakker et al. (1999) can be applied to solve the moving surface
source problem, however in this method the conical wave phe-
nomena and Rayleigh wave phenomena do not show up mathe-
matically as a separate partial solution, resulting exclusively
from pole contributions, which makes it impossible to study their
independent properties. The procedure presented by Kooij and
Kooij (2001) leads to a representation in which the conical waves
indeed show up mathematically as separate phenomena.
In the present paper it is shown that the problem of an elasto-
dynamic surface source moving along the interface of an elastic
halfspace can be represented in a form in which the conical wave
contributions show up mathematically as separate terms when
in the Cagniard-de Hoop method the adequate set of Fourier trans-
form variables, associated with the coordinates along the interface,
are chosen. In the ﬁnal stage conical wave solutions, consistent
with the results presented by Kooij and Kooij (2001), appear as
contributions of complex conjugate poles in the analysis. We pres-
ent closed form space-time domain expressions for the particle
displacement excited by a single surface load in the elastic half-
space conﬁguration. Seperate closed form space-time expressions
are presented for the conical particle displacement in the transonic
state ðcs < vs < cpÞ and the supersonic state ðv s > cpÞ, together
with closed form space-time expressions for the Rayleigh pole con-
tribution. Numerical examples are shown for the conical waves
and the Rayleigh wave at points of observation just below the sur-
face and in the near vicinity of the Rayleigh pole.2. Description of the conﬁguration
To specify the position in the two-media conﬁguration we em-
ploy the coordinates ðx1; x2; x3Þ with respect to a ﬁxed, orthogonal
Cartesian reference frame with origin O and three mutually per-
pendicular base vectors i1; i2; i3 of unit length. In the indicated or-
der the three base vectors form a right-handed system. The
interface between the media coincides with the plane x3 ¼ 0. A
moving point load is located at the interface. The load is modeled
as a vertical point force that is stationary prior to a certain instant
and is then suddenly set into horizontal motion, along a straight
trajectory and at a constant speed v s. In the entire domain R3 we
distinguish the sub-domains D0, and D1, as follows
D0 ¼deffðx1; x2Þ 2 R2;0 < x3 < 1g; ð1Þ
D1 ¼deffðx1; x2Þ 2 R2;1 < x3 < 0g; ð2Þ
The domain D1 is occupied by an isotropic, homogeneous solid
material that is characterized by its volume density of mass q and
its Lamé stiffness coefﬁcients k and l. The corresponding compres-
sional or P-wave speed is cp ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðkþ 2lÞ=qp and the corresponding
shear or S-wave speed is cs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l=q
p
(see Fig. 1).
3. Basic equations and boundary conditions
In a source-free domain of a homogeneous, isotropic elastic so-
lid, the particle displacement u ¼ uðx; tÞ of an elastic wave motion
satisﬁes the elastodynamic wave equationðkþ lÞ$ð$  uÞ þ lð$  $Þu q@2t u ¼ 0: ð3Þ
The solutionvector u can be expressed in terms of two scalar poten-
tials wp and ws according to
u ¼ $wp þ $ $ i3ws: ð4Þ
Each potential satisﬁes the homogeneous Helmholtz equation,
c2pr2wp  @2t wp ¼ 0; c2sr2ws  @2t ws ¼ 0: ð5Þ
The stress tensor ri;j can be expressed in terms of the displacement
vector ui by using the subscript notation, where each of the sub-
scripts j, k and l will stand for the three basic spatial directions
and where the Einstein summation convention is used. The operator
@j differentiates with respect to the spatial coordinate that is asso-
ciated with its subscript. Then the stress tensor ri;j is expressed as
rj;k ¼ k@ldj;k þ lð@juk þ @kujÞ; ð6Þ
where dj;k denotes the Kronecker delta. The excitation by the surface
load is modeled according to De Hoop (2001) via the boundary
condition
lim
x3"0
r3;3 ¼ Fs ¼ Mgdðx1; x2Þ½1 HðtÞ Mgdðx1  v st; x2ÞHðtÞ;
ð7Þ
whereM is the mass of the load, g the acceleration of free fall and H
denotes the Heaviside unit step function. Since our problem is lin-
ear we can model the source Fs as a superposition of three different
contributions Fs ¼ F1s þ F#s þ F!s with F1s ¼ Mgdðx1; x2Þ; F#s ¼
Mgdðx1; x2ÞHðtÞ and F!s ¼ Mgdðx1  vst; x2ÞHðtÞ. Then the total par-
ticle displacement solution can be written as the sum of a static
part, a non-moving part and a moving part, i.e. uðx; tÞ ¼
u1ðxÞ þ u#ðx; tÞ þ u!ðx; tÞ. In the next sections we will derive closed
form space-time domain expressions for the moving part u!ðx; tÞ.
From which the non-moving solution u#ðx; tÞ ¼ u!ðx; tÞ with
vs ¼ 0 can be derived and subsequently the static solution
u1ðxÞ ¼ limt!1u#ðx; tÞ can be found. Further, across the interface
of the half-space, i.e. at the plane x3 ¼ 0, the boundary conditions
lim
x3"0
r1;3 ¼ 0; lim
x3"0
r2;3 ¼ 0; ð8Þ
hold.
4. Representations for the transient elastodynamic ﬁeld in the
space-time domain
To carry out our analysis efﬁciently we subject the basic elasto-
dynamic Eqs. (7), (4) and (5) together with (6) and the boundary
conditions (8) to a Laplace transformation with respect to time
according to
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Z 1
s¼0
uðx; sÞ expðssÞds; with s 2 Rþ ð9Þ
and a spatial Fourier transformation with respect to x1 and x2
according to
~uða1;a2; x3; sÞ ¼def
Z 1
1
dx2
Z 1
1
u^ðx; sÞ exp½sða1x1 þ a2x2Þdx1;
with a1;a2 2 I; ð10Þ
where I denotes the imaginary axis in the complex a1-plane and
a2-plane. This then yields the Laplace-Fourier transform domain
expression for the elastodynamic ﬁeld constituents. The spatial
counterpart of the ﬁelds are obtained via the inverse spatial Fourier
transform as deﬁned by
u^ðx; sÞ ¼def s
2pi
 2 Z i1
i1
da2
Z i1
i1
~uða1;a2; x3; sÞ
exp½sða1x1 þ a2x2Þda1: ð11Þ
Application of Eq. (11) leads to a representation of the ﬁeld in the
space-domain in which we have integration contours in the com-
plex a1 and a2 plane. To arrive at a representation in one complex
plane only, we introduce the following transformation
a1 ¼ w cos h iq sin h; a2 ¼ w sin hþ iq cos h; ð12Þ
with 1 < q <1 and in which h follows from the polar represen-
tation x1 ¼ r cos h and x2 ¼ r sin h. In the inverse spatial Fourier
transform of Eq. (11), now written in terms of the integration vari-
ablesw; q, the odd part of the integrand with respect to q can be dis-
carded. The integration with respect to q can subsequently be
reduced to the range 0 6 q <1. Now, upon introduction of the
transformation ðw; qÞ ! ðw;bÞ according to
ðc2p;s w2 þ q2Þ1=2 ¼ bðc2p;s w2Þ1=2; with 0 6 q < 1;
1 6 b < 1 and w 2 I; ð13Þ
we make the connection with a transformation used in a similar
free-space problem Kooij (1994). Employing Eq. (13) in the expres-
sion for the displacement ﬁeld u^ with x3 < 0 in the space-domain
leads to the representation in the Laplace transform domain which
serves as our basis for the application of the Cagniard-de Hoop
technique.
u^!ðx; sÞ ¼ u^P!ðx; sÞ þ u^S!ðx; sÞ; ð14Þ
in which
u^P!ðx; sÞ ¼  iMg
4p2l
Z 1
b¼1
db
Z i1
w¼i1
X!P ðw;bÞ exp½sðrwþ jx3jcppÞ
Dpðw; bÞ dw; ð15Þ
u^S!ðx; sÞ ¼ iMg
4p2l
Z 1
b¼1
db
Z i1
w¼i1
X!S ðw;bÞ exp½sðrwþ jx3jcssÞ
Dsðw;bÞ dw; ð16Þ
where
Dp;sðw; bÞ ¼ ð1 vsw cos hÞ2 þ v2s ðb2  1Þðc2p;s w2Þ sin2 h; ð17Þ
X!P ðw;bÞ¼
wcoshð1vswcoshÞv sðb21Þðs2ppw2Þsin2 hwj
sinhjð1v swcoshÞþvsðb21Þðs2ppw2Þjsinhjcosh
cppð1v swcoshÞ
2
664
3
775
 cppðs
2
ss=2þðb21Þs2ppb2w2Þ
DRpðw;bÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b21
q ; ð18ÞX!S ðw;bÞ¼
css½wcoshð1v swcoshÞvsðb21Þðs2ssw2Þsin2 h
css½wjsinhjð1v swcoshÞþv sðb21Þðs2ssw2Þjsinhjcosh
fb2w2ðb21Þs2ssgð1v swcoshÞ
2
64
3
75
 csscps
DRsðw;bÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b21
q ; ð19Þ
with the Rayleigh denominators deﬁned as
DRpðw;bÞ¼cppcspfb2w2ðb21Þs2ppgþfs2ss=2þðb21Þs2ppb2w2g2;
ð20Þ
DRsðw;bÞ¼cpscssfb2w2ðb21Þs2ssgþfs2ss=2þðb21Þs2ssb2w2g2;
ð21Þ
together with
cpp ¼ b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2pp w2
q
; csp ¼ b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2sp w2
q
;
css ¼ b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2ss w2
q
; cps ¼ b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2ps w2
q
; ð22Þ
and
s2pp ¼ c2p ; s2ps ¼ b2c2p þ ðb2  1Þb2c2s ;
ð23Þs2ss ¼ c2s ; s2sp ¼ b2c2s þ ðb2  1Þb2c2p :
In the transformation back to the space-time domain using the
Cagniard-de Hoop method we cast the integral with respect to w
into a Laplace transfom integral from which the space-time domain
expressions for the elastodynamic displacement ﬁeld can be recog-
nized. We start from Eqs. (15) and (16) by deforming the path of
integration in the complex w-plane along a path with a real sp such
that
rwþ jx3jcppðw; bÞ ¼ sp; with sp > 0; ð24Þ
for the P-wave and with a real ss
rwþ jx3jcssðw;bÞ ¼ ss; with ss > 0; ð25Þ
for the S-wave. The relevant solutions to Eqs. (24) and (25) are ob-
tained as
wp ¼ wpðsp; bÞ ¼ rsp
r2ð1þ a2b2Þ  i
rab
r2ð1þ a2b2Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2p  T2ppðbÞ
q
; ð26Þ
with a ¼ jx3j=r and TppðbÞ ¼ rspp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ a2b2
q
for the P-wave and
wsðss;bÞ ¼ rss
r2ð1þ a2b2Þ 
rab
r2ð1þ a2b2Þ

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
T2ssðbÞ  s2s
q
when ss 6 TssðbÞ; ð27Þ
wsðss;bÞ ¼ rss
r2ð1þ a2b2Þ  i
rab
r2ð1þ a2b2Þ

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2s  T2ssðbÞ
q
when ss > TssðbÞ; ð28Þ
with TssðbÞ ¼ rsss
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ a2b2
q
for the S wave. The integral along the
arcs at inﬁnity vanish by virtue of Jordan’s lemma. We obtain with
Eqs. (26) and (28) in general for w the parametric representation
Wp;s ¼ fw 2 C;w ¼ wp;sðs;bÞg which represents a hyperbola located
in the right half of the complexw-plane. In the right half of the com-
plex w-plane we have for the P-wave a branch point located at
w ¼ spp from which the accompanying branch cut starts along the
real axis towards inﬁnity such that ReðcppÞP 0. Further, we have
a branch point located at w ¼ sspðbÞ from which the accompanying
branch cut starts along the real axis towards inﬁnity such that
ReðcspðbÞÞP 0. In the right half of the complex w-plane we have
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accompanying branch cut starts along the real axis towards inﬁnity
such that ReðcssÞP 0. Further, we have a branch point located at
w ¼ spsðbÞ from which the accompanying branch cut starts along
the real axis towards inﬁnity such that ReðcpsðbÞÞP 0. To circum-
vent that for certain values of b the Cagniard contour intersects
the branch cut that corresponds to the branch point of cps we have
to supplement the Cagniard contour with a loop around this branch
cut. This loop around the branch cut of cps with the parametric
expression given in Eq. (27) represents the head wave contribution.
In the process of deformation of the integration contour in the com-
plex w-plane we can encounter for a ﬁxed b two complex conju-
gated poles that are the zeroes of the denominator Dpðw;bÞ and
Dsðw;bÞ of the integrand in Eqs. (15) and (16), respectively. These
pole contributions represent the conical wave part which is ana-
lyzed in the next subsection. The poles that are encountered by
the contours wpðsp;bÞ and wsðss; bÞ between b ¼ 1 and b ¼ bc are
obtained aswpc ðbÞ¼
cosh
v sð1b2 sin2 hÞ
 i
sin2 h
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðb21Þ½ðv2s c2pÞv2s sin2 hb2
q
cpð1b2 sin2 hÞ
with 16b6bc6v1s jsinhj1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
v2s c2p
q
; ð29Þ
wscðbÞ¼
cosh
v sð1b2 sin2 hÞ
 i
sin2 h
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðb21Þ½ðv2s c2s Þv2s sin2 hb2
q
csð1b2 sin2 hÞ
with 16b6bc6v1s jsinhj1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
v2s c2s
q
; ð30Þin which b ¼ bc is the value were the pole path intersects the Cagn-
iard contour in the complex w-plane. In Fig. 2 we have plotted the
Cagniard contourws, together with the pole path (collection of poles
as a function of b), in the complexw-plane. By interchanging the or-
der of integration with respect to b and sp or ss, we can recognize
from the Laplace transform type integrals with respect to t ¼ sp
the following space-time domain expression for the displacement
ﬁeld of the P-body waveFig. 2. The Cagniard contour wsðss;bcÞ together with the pouP!ðx; tÞ ¼ Mg
2p2l
Hðt  Tppð1ÞÞRe
Z BpðtÞ
b¼1
X!P ðwp;bÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2p w2p
q
Dpðwp;bÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  T2ppðbÞ
q db; ð31Þ
and with respect to t ¼ ss the S-body wave
uS!ðx; tÞ ¼  Mg
2p2l
Hðt  Tssð1ÞÞReZ BsðtÞ
b¼1
X!S ðws; bÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2s w2s
p
Dsðws;bÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  T2ssðbÞ
q db; ð32Þ
with
BpðtÞ ¼ 1a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2pt
2
r2
 1
s
; BsðtÞ ¼ 1a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2s t
2
r2
 1
s
; ð33Þ
When a 6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2pc2s  1
q
the S-body wave is supplemented by the PS-
head wave
uSH!ðx; tÞ ¼  Mg
2p2l
½Hðt  Tpsð1ÞÞ  Hðt  Tssð1ÞÞIm

Z buðtÞ
b¼1
X!S ðws; bÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2s w2s
p
Dsðws;bÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
T2ssðbÞ  t2
q db
 Mg
2p2l
½Hðt  Tssð1ÞÞ  Hðt  TepsÞIm

Z buðtÞ
b¼BsðtÞ
X!S ðws;bÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2s w2s
p
Dsðws; bÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
T2ssðbÞ  t2
q db; ð34Þ
In which the occurring symbols TpsðbÞ; Teps and buðtÞ in Eq. (34) rep-
resenting boundary values under the condition a 6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2pc2s  1
q
are
given by
TpsðbÞ ¼ r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2s  ðc2s  c2p Þ=b2
q
þ ar
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2s  c2p
q
; ð35Þle path wc in the complex w-plane, when cs < v s < cp .
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a2
2
½ð1c2p c2s Þþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1c2s c2p Þ2þ4ð1c2p c2s Þ=a2
q

 1=2
;
ð36Þ
buðtÞ ¼
r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2s  c2p
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2c2s  ðt  ra
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2s  c2p
q
Þ2
r : ð37Þ5. The conical elastodynamic ﬁeld in space-time domain
In this section the conical part of the elastodynamic particle dis-
placement which is represented by an integration over b from
b ¼ 1 to b ¼ bc of the residues of the encountered poles in Eqs.
(29) and (30), is transformed back to the space-time domain by
means of the Cagniard-de Hoop method.
In order to apply the Cagniard-de Hoop method in which we
recognize the space-time domain counterpart of the particle dis-
placement from a Laplace transform type integral representation,
we need to cast the integral with respect to b into a suitable form.
In the following analysis we restrict ourselves to the S-wave pole
contribution integral. The analysis for the P-wave pole contribution
integral goes along the same lines. For trans-Rayleigh trains the S-
wave conical wave may be the only relevant conical wave since it
occurs when v s > cs while the P-wave conical wave occurs when
v s > cp. First, setting the denominator Dsðw; bÞ in Eq. (17) equal
to zero for w ¼ wsc and solving for b2  1 we ﬁnd b in terms of
wsc. In fact we ﬁnd
b2  1 ¼  ðw
s
c cos h v1s Þ2
sin2 hðs2ss  ðwscÞ2Þ
; ð38Þ
then cssðwscÞ and cpsðwscÞ no longer contain b. The expression for the
conical part of the S-wave particle displacement in the Laplace
transform domain in the form of the collection of encountered con-
jugated pole residues in the wsc-plane is now found from Eq. (16) as
u^S!c ðx; sÞ ¼
Mg
2pl
Z bc
1
Yðwsc; bÞ þYððwscÞ;bÞ
v2s
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  1
q
½1 b2 sin2 h
db; ð39Þ
in which
Yðwsc;bÞ ¼
X!S ðwsc; bÞ
2iImðwscÞ
exp½srðwsc þ acssðwscÞÞ: ð40Þ
With the change of variable
wsc ¼ ðwsc  cos h=vsÞ=j sin hj: ð41Þ
the vertical slownesses cssðwscÞ and cpsðwscÞ attain the canonical form
cssðwscÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2s  v2s  ð wscÞ2
q
; cpsð wscÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2p  v2s  ðwscÞ2
q
:
ð42Þ
Consequently, after expressing Eq. (39) in terms of wsc , employing
Eqs. (38) and (41), we now can seek again a parameterization of
wsc along a contour in the complex wc-plane in terms of some real
and positive variable ss such that
r½ wscj sin hj þ acssð wscÞ ¼ ss 
r cos h
vs
¼def s0s ð43Þ
and strive to reshape Eq. (39) into the Laplace transform integral of
Eq. (9). Solving Eq. (43) for wsc in terms of s0p yields
wscðs0sÞ ¼
j sin hj
rðsin2 hþ a2Þ
s0s 
a
rðsin2 hþ a2Þ

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðT 0csÞ2  ðs0sÞ2
q
when s0s 6 T
0
cs; ð44Þwscðs0sÞ ¼
j sin hj
rðsin2 hþ a2Þ
s0s  i
a
rðsin2 hþ a2Þ

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðs0sÞ2  ðT 0csÞ2
q
when s0s > T
0
cs; ð45Þ
in which
T 0cs ¼ r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ða2 þ sin2 hÞðc2s  v2s Þ
q
: ð46Þ
The Cagniard contour wsc that results from the deformation of the
pole path wc is depicted in the wc-plane in Fig. 3. The original and
deformed pole paths are located in the right half of the complex
wc-plane and both the end points of the original and deformed pole
paths coincide. It appears that the horizontal closing paths of the
deformed pole paths together only contribute for the part where
the branchcut of cpsð wscÞ is present between wcð1Þ and wscðT 0csÞ, see
Fig. 3. This contribution represents the headwave part of the conical
S-wave. In the case cs < vs < cp (Fig. 3) the pole wcð1Þ is always lo-
cated on the branchcut of cpsðwscÞ, then the horizontal closing paths
inbetween wcð1Þ and wscðT 0csÞ contribute. Similarly, we ﬁnd for the P-
wave pole contribution the parametrization in terms of s0p
wpc ðs0pÞ ¼
j sin hj
rðsin2 hþ a2Þ
s0p 
a
rðsin2 hþ a2Þ

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðT 0cpÞ2  ðs0pÞ2
q
when s0p 6 T
0
cp; ð47Þ
wpc ðs0pÞ ¼
j sin hj
rðsin2 hþ a2Þ
s0p  i
a
rðsin2 hþ a2Þ

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðs0pÞ2  ðT 0cpÞ2
q
when s0p > T
0
cp; ð48Þ
in which
T 0cp ¼ r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ða2 þ sin2 hÞðc2p  v2s Þ
q
: ð49Þ
Then the vertical slownesses cppðwpc Þ and cspðwpc Þ also attain the
canonical form
cppð wpc Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2p  v2s  ð wpc Þ2
q
;
cspð wpc Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2s  v2s  ð wpc Þ2
q
: ð50Þ
By inspection of the Laplace transform type integral we ﬁnd for the
conical particle displacement u!c ðx; t0Þ ¼ uP!c ðx; t0Þ þ uS!c ðx; t0Þ when
vs > cs with t0 ¼ t  r cos h=v s,
uS!c ðx; t0Þ ¼ 
Mg
2pl
RefPsðwscÞg
Hðt0  T 0csÞ  Hðt0  Tendcs Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðt0Þ2  ðT 0csÞ2
q ; ð51Þ
supplemented with the headwave part,
uSH!c ðx; t0Þ ¼ 
Mg
2pl
ImfPsð wscÞg
Hðt0  Tchcs Þ  Hðt0  T 0csÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðT 0csÞ2  ðt0Þ2
q ; ð52Þ
and for the conical P-wave we obtain when vs > cp > cs
uP!c ðx; t0Þ ¼
Mg
2pl
RefPpðwpc Þg
Hðt0  T 0cpÞ  Hðt0  Tendcp Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðt0Þ2  ðT 0cpÞ2
q ; ð53Þ
in which Ps and Pp are deﬁned as
Psð wscÞ¼
cssð wscÞ=v s
cssð wscÞ wsc
ð wscÞ2þv2s
2
64
3
75cssð wscÞcpsðwscÞ½c2ssðwscÞþ wscð wscjtanhj=v sÞ
v sDRsðwscÞ½wsc t0jsinhjr1ða2þsin2 hÞ1
 ð w
s
cjtanhj=v sÞ
½c2ssð wscÞþð wscjtanhj=vsÞ2
; ð54Þ
0 < jhj < WcÞ;
ðW0 < jhj < WeÞg _ fðv s > cpÞ ^ ðWc < jhj < WeÞg;
ð57Þ
Fig. 3. The part of the pole path wcðbÞ from b ¼ 1 to b ¼ bc which is deformed into the plotted Cagniard contour wsc in the complex wc-plane, when cs < v s < cp .
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1=v s
wpc
cppð wpc Þ
2
4
3
5ðwpc jtanhj=v sÞ½c2ppðwpc Þþ wpc ð wpc jtanhj=v sÞ
v sDRpð wpc Þ½ wpc  t0jsinhjr1ða2þsin2 hÞ1
 cppð
wpc Þðc2spðwpc Þc2s =2Þ
½c2ppð wpc Þþð wpc jtanhj=v sÞ2
;
ð55Þ
where
DRsð wcÞ ¼ DRpð wcÞ
¼ ðv2s þ w2c Þcppð wcÞcssð wcÞ þ ½1=ð2c2s Þ  ðv2s þ w2c Þ2: ð56Þ
Tchs ¼
rj sin hj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2p  v2s
q
þ ar
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2s  c2p
q
; when ðvs > cpÞ ^ ðW
r sin2 h
v s cos hþ ar
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2s  1=ðv2s cos2 hÞ
p
; when fðcs < vs < cpÞ ^
8><
>:
and
Tendcs ¼ ðvsc2s  v1s Þr cos h; Tendcp ¼ ðvsc2p  v1s Þr cos h: ð58Þ
In Eq. (57) the boundary values W0;Wc and We of the angle h are gi-
ven by
W0 ¼ arctan
a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2p  v2s
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðc2s  c2p Þ  a2ðc2p  v2s Þ
q
8><
>:
9>=
>;; ð59Þ
Wc ¼ arctan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
v2s
c2pð1þ a2Þ
 1
s( )
; ð60Þ
We ¼ arctan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
v2s
c2s ð1þ a2Þ
 1
s( )
: ð61Þ6. The transient elastodynamic ﬁeld contribution of the
Rayleigh pole
In this section we will discuss the Rayleigh pole contribution to
the elastodynamic particle displacement. It is well known that atrain that travels with a speed larger or equal to the Rayleigh wave
speed can encounter a devastating surface wave that is able to en-
rail the train. For that reason it is of special interest to investigate
how the transient elastodynamic ﬁeld due to a travelling source
behaves in the neighbourhood of the Rayleigh pole. In this section
we will derive closed form space-time domain expressions for the
contribution of the Rayleigh pole.
6.1. The location of Rayleigh poles
The Rayleigh poles w ¼ wRpðbÞ and w ¼ wRsðbÞ are the solutionsof DRpðwRp; bÞ ¼ 0 and DRsðwRs; bÞ ¼ 0, respectively. From Eqs. (20)
and (21) we observe that for b ¼ 1 we obtain
DRpðw;1Þ ¼ DRsðw;1Þ
¼ ðw2  c2s =2Þ2 w2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðw2  c2p Þðw2  c2s Þ
q
¼ 0: ð62Þ
In the literature the solutionw ¼ wRð1Þ ¼Im def c1R which is not analyt-
ically algebraically solvable, cR is deﬁned as the Rayleigh wave
speed and wRð1Þ is typically located on the branchcuts of both
cppðw;1Þ and cssðw;1Þ in thew-plane. For 1 < b <1 it turns out that
Eqs. (20) and (21) can also be written in the form of Eq. (62) as
DRpðwRp;bÞ ¼ ðW2Rp  c2s =2Þ2 W2Rp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðW2Rp  c2p ÞðW2Rp  c2s Þ
q
¼ 0;
DRsðwRs;bÞ ¼ ðW2Rs  c2s =2Þ2 W2Rs
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðW2Rs  c2p ÞðW2Rs  c2s Þ
q
¼ 0;
ð63Þ
in which WRp ¼ b2w2Rp  ðb2  1Þc2p and WRs ¼ b2w2Rs  ðb2  1Þc2s .
Then the solution of Eq. (63) is then again
Fig. 4. Snapshot in the horizontal x1; x2-plane of the x1-component of the conical
shear displacement ﬁeld with v s ¼ 104 m=s;cs < v s < cp , recorded at x3 ¼
0:1 m;t ¼ 44 ms with the displacement ﬁeld limited to ±5 m.
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Then we can express wRpðbÞ and wRsðbÞ in terms of the Rayleigh
wave speed cR as
wRpðbÞ¼b1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2R þðb21Þc2p
q
; wRsðbÞ¼b1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2R þðb21Þc2s
q
:
ð65Þ
From these results we can conclude that in the P-wave and S-wave
representations the Rayleigh pole wRpðbÞ and wRsðbÞ, respectively,
with increasing value of bmoves along the branch cuts in the direc-
tion of the corresponding branchpoint. However, as is seen from Eq.
(65) the branchpoints c1p and c
1
s are limit values for b!1. Hence,
the poles wRpðbÞ and wRsðbÞ are never passed in the process of con-
tour deformation in the complex w-plane.
6.2. The contribution of the Rayleigh pole in case of large horizontal
offset
For points of observation close to the surface and away from the
position of the load, the deformed Cagniard-de Hoop path of
integration will run closely around the branchcut on the real axis
in the w-plane. In this case of so-called large horizontal offset
ða ¼ jx3j=r ! 0Þ, the contribution of the Raleigh pole can deter-
mined by integration around the pole, along the upper part above
the branchcut and the lower part below the branchcut in the com-
plex w-plane. By inspecting the integrands in Eqs. (15) and (16) at
w ¼ wRpðbÞ and w ¼ wRsðbÞ we can conclude that the contribution
from the Rayleigh pole in the expressions for the particle displace-
ment at large horizontal offset only have a non-zero contribution
for u^3ðx; sÞ. The other components vanish as the expressions for
cpp; csp; css and cps at the location of the Rayleigh pole are imaginary
with opposite signs above and below the branchcut. For the non-
vanishing i3 components u^P!3;R ðx; sÞ and u^S!3;Rðx; sÞ we obtain for the
residue contribution at the location of the Rayleigh pole wRpðbÞ
and wRsðbÞ, respectively,
u^P!3;R ðx; sÞ ¼
Mg
2plZ 1
b¼1
c2ppðwRpÞNpðwRp;bÞ exp½sðrwRp þ arcppðwRpÞÞ
DpðwRp; bÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  1
q
ð@DRpðw;bÞ=dwÞw¼wRp
db;
ð66Þ
u^S!3;Rðx;sÞ¼
Mg
2pl
Z 1
b¼1
cssðwRsÞcpsðwRsÞNsðwRs;bÞexp½sðrwRsþarcssðwRsÞÞ
DsðwRs;bÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b21
q
ð@DRsðw;bÞ=dwÞw¼wRs
db;
with a "0; ð67Þ
in which
Npðw; bÞ ¼ ð1 vsw cos hÞðc2s =2þ ðb2  1Þc2p  b2w2Þ; ð68Þ
Nsðw; bÞ ¼ ð1 vsw cos hÞ½b2w2  ðb2  1Þc2s : ð69Þ
Next, we parametrize the arguments of the exponential functions in
Eq. (67) with the use of Eq. (65). We obtain after substitution of Eq.
(65) in cpp and css, in case of large horizontal offset
rwRpþarcppðwRpÞ¼ rwRpþar
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2p c2R
q
 rwRp¼sRp; when a "0;
ð70Þ
rwRsþarcssðwRsÞ¼ rwRsþar
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2s c2R
q
 rwRs¼sRs ; when a "0:
ð71Þ
With Eqs. (71) and (65) all quantities in Eq. (67) can be expressed in
terms of sRp;s, thus again leading to Laplace transform type integralsfrom which the space-time domain counterparts can be recognized
as
u^P!3;R ðx; tÞ ¼ 
Mg
4pl
ð1 c2Rc2s =2ÞA1R FRðtÞ½Hðt  rc1p Þ  Hðt  rc1R Þ;
ð72Þ
u^S!3;Rðx; tÞ ¼
Mg
4plA
1
R FRðtÞ½Hðt  rc1s Þ  Hðt  rc1R Þ; ð73Þ
in which
AR ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2Rc2s
q
 2 c
2
Rc
2
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2Rc2p
q þ 2 c2Rðc2p þ c2s Þ
2ð1 c2Rc2p Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2Rc2s
q ; ð74Þ
and
FRðtÞ ¼ rðt cos h rv
1
s Þ
v s½ðt  rv1s cos hÞ2  r2 sin2 hðc2R  v2s Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  c2Rt2
q : ð75Þ
We note that u^P!3;R ðx; tÞ and u^S!3;Rðx; tÞ in Eq. (73) reduce to u^P#3;Rðx; tÞ
and u^S#3;Rðx; tÞ when v s ! 0.
7. Numerical results
The numerical example we present in this section consists of
the halfspace conﬁguration according to Fig. 1 in which q ¼
2000 kg=m3; cs ¼ 100 m=s and cp ¼ 180 m=s, with the accompany-
ing Rayleigh wave speed cR ¼ 92:4 m=s. According to Auersch
(2008) and Krylov (1995) these wave speeds correspond to a soft
sandy soil that are encountered along certain TGV railway tracks.
It is noted that in our model relaxation or damping in the homoge-
neous soil is ommitted. However, for soils with small damping the
inﬂuence on the wave shape is negligible and is mainly manifest at
the singular wave fronts of the conical waves and singular points in
the Rayleigh wave in the form of ﬁnite large amplitudes instead of
inﬁnite amplitudes. When damping cannot be neglected the ampl-
tudes of the waveﬁelds will become smaller, in that case the homo-
geneous soil model predicts a worst case situation. The amplitude
of surface loadMg is normalized such thatMg=l ¼ 1 in our numer-
ical example. According to Krylov (1996) the force excited by a TGV
train on a sleeper amounts to 105N. The correction factor needed in
our numerical results with Mg ¼ 105N then amounts to a factor of
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example we compute the three components of the conical S-wave
in the transonic state cs < v s < cp with v s ¼ 104 m=s. In this tran-
sonic state we will only have a conical S-wave in the soil that will
be observed at the 0.1 m below the surface. In Figs. 4–6 we present
a snapshot at t ¼ 44 ms of the conical shear displacement ﬁeld ob-
served for x1 P 0 in the horizontal x1; x2-plane. In this area the ﬁeld
is calculated in a 200  400 grid of equally spaced datapoints. At
the front of the conical wave in Figs. 4–6 the amplitude has a root
singularity (see Eqs. (51) and (52)) and reaches in theory an inﬁnite
amplitude. This is not clearly visible in the results because the sin-
gular points were ommitted in the numerical experiments and the
amplitude of the wave ﬁeld decays rapidly after the wave front.
Further, we have limited the wave amplitudes in such a way that
the overall shape of the conical shear waves is clearly visible. TheFig. 5. Snapshot in the horizontal x1; x2-plane of the x2-component of the conical
shear displacement ﬁeld with v s ¼ 104 m=s;cs < v s < cp , recorded at x3 ¼
0:1 m;t ¼ 44 ms with the displacement ﬁeld limited to ±5 m.
Fig. 6. Snapshot in the horizontal x1; x2-plane of the x3-component of the conical
shear displacement ﬁeld with v s ¼ 104 m=s;cs < v s < cp , recorded at x3 ¼
0:1 m;t ¼ 44 ms with the displacement ﬁeld limited to ±5 m.results presented here are the sum of the conical shear bodywave
part of the particle displacement and the conical shear headwave
part of the particle displacement. In Fig. 7 we have depicted sepa-
rately the headwave part of the x3-component of the shear conical
wave. What is very clear in our numerical experiments is the inﬂu-
ence of the Rayleigh denominator DR that is present in the denom-
inator of Eqs. (51) and (52). Since we observe the waveﬁeld in the
near vicinity of the surface the amplitude of the particle displace-
ment becomes very large. In Fig. 8 we have again depicted the x3-
component of the shear conical wave, but now at a depth of 1 m.
We now observe that the amplitude swings of the particle dis-
placement ﬁeld have vanished since the inﬂuence of the Rayleigh
denominator has diminished signiﬁcantly. In the next example
we have increased the travelling speed of the source from the
transonic state to the supersonic state ðv s > cpÞ by settingFig. 7. Snapshot in the horizontal x1; x2-plane of the x3-component of the conical
shear headwave with v s ¼ 104 m=s;cs < v s < cp , recorded at x3 ¼ 0:1m;t ¼ 44 ms
with the displacement ﬁeld limited to ±5 m.
Fig. 8. Snapshot in the horizontal x1; x2-plane of the x3-component of the conical
shear displacement ﬁeld with v s ¼ 104 m=s;cs < v s < cp , recorded at x3 ¼
1 m;t ¼ 44 ms with the displacement ﬁeld limited to 3 m.
Fig. 10. Snapshot in the horizontal x1; x2-plane of the space-time domain Rayleigh
wave for large horizontal offset at t ¼ 44 ms, with v s ¼ 104 m=s;cR ¼ 92;4 m=s, and
the particle displacement ﬁeld limited to ±0.2 m.
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conical P-wave particle displacement just below the surface at
x3 ¼ 0:1 m. To understand the impact of the Rayleigh pole in
the conical wave at large horizontal offset a " 0 we can express
the Rayleigh denominator DR in Eq. (56) as
DR ¼ ðt  x1v1s Þ2  x22ðc2R  v2s Þ ¼ 0; ð76Þ
where the singularity locus represents in fact the continuation in
the conical wave domain of the singularity locus found due to the
Rayleigh pole in the body wave domain (see Eqs. (73)–(75)). These
loci are clearly visible in the presented numerical results at near
vicinity of the surface, particularly in Figs. 6 and 9.
Next, we investigate the space-time domain contribution of the
Rayleigh pole residue in the large horizontal offset approximation,
i.e. lima"0, when the source speed is kept at v s ¼ 104 m=s. The
expressions are given in Eq. (73). In Fig. 10 we have depicted a
snapshot at t ¼ 44 ms in the horizontal x1; x2-plane for large hori-
zontal offset of the space-time domain Rayleigh wave which con-
sists of the sum of the P-Rayleigh wave part and the S-Rayleigh
wave part. In this ﬁgure we have limited the amplitude to
0:2 m in order to obtain a detailed picture in which we then
can observe the three concentric circles at r ¼ cRt; r ¼ cst and
r ¼ cpt that represent the boundaries of the S- and P-Rayleigh wave
contributions according to Eq. (73). The two straight dark lines
consisting of singular points of the function FRðtÞ cross each other
at x1 ¼ v st; x2 ¼ 0. The quantitative effect of these singular points
in relation to the conical shear displacement ﬁeld is particularly
visible in Fig. 6 in the form of the dark area around the axis at
x1 ¼ 0, which vanishes with increasing depth as can be seen in
Fig. 8. We have depicted in Fig. 11 the space-time domain Rayleigh
wave for a viewing angle h that changes from 0 to p=2 in the hor-
izontal x1; x2-plane and is set out along the vertical axis. The time
interval of observation is set to r=cp < t < r=cR according to Eq.
(73). We observe that the location of a singularity is shifted when
the angle of observation is changed and that for h ¼ 0 the two dis-
tinct singularities coincide. For angles of observation above
h  1:25 the singular wave phenomena are not present. In our next
experiment we let the source speed vary around the Rayleigh wave
speed cR. Further, we increase the stiffness of the soil such that the
wave speeds are cp ¼ 200 m=s and cs ¼ 120 m=s with the accompa-
nying Rayleigh wave speed cR ¼ 109;7 m=s. The time interval ofFig. 9. Snapshot in the horizontal x1; x2-plane of the x3-component of the conical P-
wave particle displacement ﬁeld with v s ¼ 190 m=s;v s > cp , recorded at x3 ¼
0:1 m;t ¼ 44 ms with the displacement ﬁeld limited to ±5 m.observation is again set to r=cp < t < r=cR according to Eq. (73).
We have depicted in Fig. 12 the space-time domain Rayleigh wave
for a viewing angle h ¼ p=6 in the horizontal x1; x2-plane. From
Fig. 12 we observe as expected that the particle displacement ﬁeld
has no singular points in time when v s < cR and has one singular
point in time when vs ¼ cR, however when v s > cR this degenerates
into two distinct singular points in time.
All these results conﬁrm that in case of a realistic soft homoge-
neous soil with negligible damping (see Auersch (2008) and Krylov
(1995)), the inﬂuence of the Rayleigh wave can become manifest
already at a source velocity around v s ¼ 92 m=s. These Rayleigh
waves can have devastating consequences at the near vicinity of
the surface, but rapidly diminish with growing depth. The combi-
nation of a soft soil embedding and future train velocities over
100 m/s may in addition to Rayleigh waves generate conicalFig. 11. Space-time domain Rayleigh wave for large horizontal offset in the
horizontal x1; x2-plane for h ¼ 0 to h ¼ p=2 with v s ¼ 104 m=s;cR ¼ 92;4 m=s, and
the particle displacement ﬁeld limited to ±2 m.
Fig. 12. Space-time domain Rayleigh wave for large horizontal offset in the
horizontal x1, x2-plane at h ¼ p=6 for various values of the ratio cR=v s with
cR ¼ 109;7 m/s, and the particle displacement ﬁeld limited to 2 m.
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still be prominent at some depth.References
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